Cosmic ray acceleration through first-order Fermi acceleration in a collisionless plasma relies on efficient scattering off magnetic field fluctuations. Scattering is most efficient for magnetic field fluctuations with wavelengths on the order of the gyroradius of the particles. In order to determine the highest energy to which cosmic rays can be accelerated, it is important to understand the growth of the magnetic field on these large scales. We derive the growth rate of the long-wavelength fluctuations in the linear regime, using the kinetic equation coupled to Maxwell's equations for the background plasma. The instability, driven by the cosmic ray current, acts on large scales due to the stress tensor and efficient scattering on small scales, and operates for both left-and right circular polarisations. This long-wavelength instability is potentially important in determining the acceleration efficiency and maximum energy of cosmic rays around shock waves such as in supernova remnants.
INTRODUCTION
The acceleration of Galactic cosmic rays up to energies of 10 15 eV is widely believed to result from first order Fermi acceleration (Axford et al. 1977; Krymskii 1977; Bell 1978a,b; Blandford & Ostriker 1978) in supernova remnant blast waves. This mechanism relies on a converging flow, where cosmic rays gain energy every time they cross the discontinuity, and is also referred to as diffusive shock acceleration (DSA). On either side of the shock the cosmic rays isotropise by scattering off magnetic fluctuations, while the plasma is highly collisionless. The length scale of the magnetic fluctuations and the amplitude determine the scattering efficiency. The more quickly the particles isotropise, the quicker they may diffuse back accross the shock and the shorter the acceleration time.
There exists a variety of cosmic ray streaming instabilities that amplify the local magnetic field and increase the scattering efficiency of the plasma. For a recent review, see e.g. Bykov et al. (2011) . On small scales, i.e. smaller than the gyroradius, the streaming cosmic rays induce a return current that creates a force perpendicular to the background magnetic field. This results in a non-resonant instability that can amplify the magnetic field to many times its initial level in the nonlinear regime (Bell 2004 ). Since scattering is most efficient when the larmor radius is of the order of the wavelength of the magnetic fluctuations, it is therefore expected ⋆ E-mail: k.schure1@physics.ox.ac.uk that this instability is effective in confining the low-energy cosmic rays.
Resonant instabilities arise in the regime where the parallel component of the wavelength corresponds to the gyroradius of the streaming cosmic rays (Lerche 1967; Kulsrud & Pearce 1969; Wentzel 1974; Skilling 1975) . When the perturbed field becomes of the same order as the background magnetic field (δB/B > 1) the resonance is lost. The saturation level of the waves therefore is rather low, and this instability is not effective in amplifying the magnetic field to many times its zeroth order level.
Whether the highest-energy cosmic rays are efficiently confined in the shock region depends on whether instabilities develop on scales larger than the gyroradius of the generating cosmic rays. In this paper we show that an instability acts in this regime that arises from the cosmic ray current and is mediated by the stress tensor. The coupling of the cosmic rays to the plasma on the small scales, due to effective scattering as a result of the non-resonant instability (Bell 2004) , further aids in making both left and right-handed polarisations unstable.
We use the Boltzmann transport equation together with Maxwell's equations for the background plasma, to derive the growth rate of magnetic fluctuations on the large scale. Rather than limiting ourselves to the diffusion approximation, we include higher order anisotropy and find that the stress tensor takes an active part in mediating the instability. The small-scale scattering couples the two polarised modes and integrates the short-scale with the large-scale in-stability. The growth rate is found to steeply depend on the wavenumber, resulting in an rapid decline with wavelength.
We limit ourselves to a mono-energetic beam of particles. This will allow us to get a cleaner picture of how exactly the instability works. The distribution function generally is expected to follow a power law beyond the thermal peak, and has a cut-off at the high-energy end. If diffusion is a function of momentum, which is generally assumed, the high-energy cosmic rays diffuse farther upstream of the shock than the lower energy ones. The low-energy cut-off therefore increases with distance upstream of the shock. Since the number of particles steeply declines with energy, it can be argued that the instability is dominated by the cosmic rays with the lowest energy in the local plasma, being a function of distance ahead of the shock.
In Section 2 we show how we derive the dispersion relation for the instability that results from including the stress tensor and scattering on small scales. In Section 3 we evaluate the result and look at the growth rate of the instability for a range of collision efficiencies and wave numbers. We show the differences between inclusion or neglect of both the stress tensor and the small-scale diffusivity in Section 4. We discuss consequences for confinement of cosmic rays in Section 5. In Section 6 we show that in most regimes it suffices to limit ourselves to the second order anisotropy (i.e. the stress tensor) and illustrate the difference when higher order anisotropy of the distribution function is taken into account. Finally, we discuss its implications and conclude in Section 7.
METHOD
The distribution of relativistic particles can be described by a modified Boltzmann equation, also known as the VlasovFokker-Planck equation, which reads (in cgs):
with f the particle distribution in phase space, v the particle velocity, and D = v 2 ν 2 (I −nn) the diffusion tensor with ν the collision frequency. Here I is the identity matrix, andn the unit vector in the direction of the corresponding tensor component. The effective collision frequency is a result of small angle scattering by fluctuations in the magnetic field.
The distribution function can be decomposed into an isotropic part and arbitrarily many moments, which sample the anisotropy to increasing order, as follows:
In spherical coordinates the directional components are given by:
By integrating the distribution function over angle θ = [0, π], φ = [0, 2π] after multiplying with sin θ, the scalar transport equation can be derived (where we use v = c for cosmic rays):
The first moment of the distribution function can be found by mulitplying it with cos θ, sin θ sin φ, sin θ cos φ to get the moment in x, y, z respectively. The equation for momentum transport is thus found to be:
We restrict ourselves to a parallel shock and choose the direction of shock propagation to be inx, meaning that the background magnetic field only has a Bx component (B0 = |B0|x). We assume the electric field can be neglected.
The unperturbed cosmic ray current follows directly from the momentum transport equation when looking at the background quantities only, where we use that jcr = ncrqus = ncrqf x(0) c/3. The subscript 0 or 1 between brackets is used to indicate zeroth order and perturbed variables in case ambiguity can arise between orders in the expansion of the distribution function (no brackets) and orders in the perturbation (with brackets). A single index (x, y, z) is used for f1 when a specific directional component is meant. Equation 5 gives for the zeroth order current inx:
with Lx the scale height of the cosmic ray density gradient that is determined by the diffusion coefficient over the shock velocity D/us. Using that ν = c 2 /(3D) the zeroth order current is given by f x(0) = (3us/c)f0.
By eliminating f1 between the first two moment equations, while neglecting higher order terms, the diffusion approximation is derived. Often the second-and higher order anisotropic parts are neglected, since each subsequent order in anisotropy is another factor us/c smaller, where us is the shock velocity. In this section however, we relax that assumption and include the next order in anisotropy (f2). To higher order the transport equations can be derived by taking subsequent moments of the distribution function.
In systems with strong shock waves, such as for example SNR blast waves, it has been shown that the first order anisotropy, being effectively the cosmic ray current, is responsible for driving an instability on small scales (Bell 2004) . The cosmic ray current triggers a return current in the plasma. The jcr × B1 force acts to focus the cosmic rays, where subscript 1 indicates perturbed variables. The resulting reaction force pushes out the plasma and magnetic field for right-hand polarised waves, resulting in a plasma instability that can act to amplify the magnetic field to many times its background level. Here we evaluate how the cosmic ray streaming instability develops when collisions and f2 are explicitly taken into account.
The first order perturbation of Equation 5 yields components for fy and fz as follows:
Together with the MHD equations for the thermal back-ground plasma this forms a closed system:
In a thermal plasma, the stress tensor Π is zero. We assume a cold plasma where the thermal pressure can be neglected, meaning that also ∇P = 0. The last term is a resistive force resulting from the collisions with the cosmic rays, and is equal but of opposite sign to the frictional force in the momentum equation for cosmic rays. The current in the plasma, minus the ∇×B component, needs to balance the cosmic ray current minus the thermal component, such that:
Writing the momentum equation for the plasma as its equivalent in terms of the cosmic rays gives:
where ρcr is the mass density of the relativistic particles, and where ucr − u is the drift speed of the cosmic rays relative to the plasma. To zeroth order, where u0 = 0 this equals the shock velocity us. We ignore the second term on the right hand side in the second line further on. This Alfvénic term only becomes important on very short scales when the tension in the magnetic field lines damps the waves. The frictional force FR has been set to be equal and opposite to the force induced by cosmic ray collisions on small scales, being: νρcrucr, where we neglect the contribution of u1. The drift velocity is related to f1 by ucrf0 = f1c/3, such that we can write the momentum equation as:
with n the number fraction of cosmic ray protons to background protons, and where we use that usf0 = fxc/3. We can eliminate the magnetic field from this equation using Eq. 7:
Feeding this into the induction equation, we can express the perturbed magnetic field in terms of f1 and f2:
We assume plane wave solutions of the form ξ ⊥ = ξ1e i(kx−ωt) to derive the dispersion relation which gives for the perturbations in the magnetic field:
The linearised momentum transport equation then is:
The relevant fxy and fxz components are derived from the next moment of the transport equation, being the heat transport or pressure tensor equation:
where we eliminated the ∂tf0 component using Eq. 4. We use the notation as in Johnston (1960) , where { } is used to distinguish tensors from vectors when both appear in an equation, {I l } is the l-th order unity tensor, and the subscript in [. . .] l indicates that the equation is a summation of permutations for ijk for each element l! ways, divided by l!. This gives a symmetric tensor so that e.g. fxy = fyx with components that look like:
For now we ignore contributions to the distribution function that are third and higher order in anisotropy (we come back to the higher order equations in Sect. 6), and set those (which includes ∂tf2) to zero. The non-zero contributions from Eq. 16 then are limited to:
such that we can substitute the f2 components in the momentum transport equation and in the perturbed magnetic field components using:
where we wrote qB0/mc = ωg for the gyrofrequency. These components represent the transport of the perpendicular cosmic ray current. We now have all the components to write Eq. 15 as a function of just fy and fz as perturbed variables:
where Ω = kj0B0/(ρc). These can be readily combined to find the dispersion relation:
The upper signs correspond to the left-handed polarisation (fz = ify) and the lower signs to the right-hand polarisation.
EVALUATION OF DISPERSION RELATION
Because the growth time of the instability will always be larger than the cosmic ray crossing time (1/kc), the second term on the right hand side of Eq. 21 always dominates over the first one, and the dispersion relation can be simplified to:
In the short wavelength limit (kc ≫ ωg, ν), where the last term in the denominator becomes the dominant one, this method naturally retrieves the growth rate Ω that corresponds to the small-scale non-resonant instability (Bell 2004) .
In the long-wavelength limit, i.e. for krg ≪ 1, the dispersion relation can be reduced to:
From this it can be readily seen that below resonance the dependency of growth rate on k is very steep: γ ∝ k 3/2 . This holds for both polarisations. For which one the growth rate is more rapid depends on the relative scattering efficiency.
The dependency that we find here is steeper than the one derived in Bell (2004) in the long-wavelength limit, which was ∝ k. The reason for the faster growth found in that paper is the integration of the distribution function over momentum, with the upper limit of the momentum set to ∞. This means that even for long wavelengths there was always some contribution to the instability from cosmic rays that are in resonance with the magnetic instability. In reality the maximum energy is finite and therefore on the long scales there are no resonant particles to contribute to the instability.
In Fig. 1 we plot the growth rate as a function of both the scattering efficiency and the wavenumber. The upper panel shows the right-hand polarisation (lower signs in the equation) and the lower panel the left-hand one (upper signs). For wavenumbers below resonance the growth rate follows a k 3/2 dependency for both polarisations. Beyond resonance (on smaller scales), the growth rate converges to the small-scale non-resonant growth rate Ω for the righthanded polarisation (γ ∝ k 1/2 ), whereas a steep decline for the left-handed polarisation is observed.
The relative strength of the growth rate for the two polarisations on long scales depends on the relative scattering efficiency. Efficient scattering favours growth of the righthanded polarisation whereas low rates of ν/ωg favours the left-handed growth rate. This can be more easily seen in Fig. 2 where the growth rate is represented as a function of the scattering efficiency in the long wavelength limit. In this figure a value of krg = 0.001 was assumed, and the growth rate is normalised with respect to Ω. The scattering rate for which the right-handed polarisation is maximum, which is also the point where the left-handed polarisation drops below the right-handed one, is ν/ωg = 1/3. This value remains the same for different k, as long as we evaluate it below the resonance frequency.
We have plotted a range in scattering efficiencies between ν/ωg = [0. 01, 10] . Low values mean that the cosmic rays complete more than a full gyration before scattering, and the particles are essentially magnetised. The more frequent collisions become, the more effective diffusion occurs across field lines. Very often Bohm diffusion is used, for which the scattering frequency is of the order of the gyrofrequency. It is assumed that such a scattering efficiency is optimal in isotropising the cosmic rays and hence maximises the acceleration efficiency. Very high values of the scattering efficiency means that the particles essentially do not 'see' a coherent magnetic field. This situation might arise when turbulence is very strong and disordered on the relevant length scales.
In Fig. 3 we plotted the growth rate, normalised to Ω as a function of wavenumber, for different values of ν/ωg. From this figure it can be seen that the growth rate of the right-hand mode at large k is equal to Ω, and it depends on ν/ωg how rapidly after resonance this convergence is reached. For low scattering efficiency the left-hand polarisation dominates, and a strong peak arises around resonance that connects the left-hand mode to the right-hand one. Evaluation of f up to higher orders than f2 seems to reduce this peak and eventually completely smooth it out, as will be discussed in Sect. 6.
DISSECTING THE MEDIATORS OF THE INSTABILITY
In order to separate the influences of f2 and the collision term on the instability, we look at how the instability evolves when small-scale collisions are absent or when the pressure tensor is omitted. The effect of neglecting collisions on short scales can be easily seen when setting ν/ωg = 0 in the dispersion relation. We plot this in Fig. 4 , from which we can see that both the short-scale and the long-scale instabilities are still there. However, the coupling between the right-hand and left-hand mode is completely absent. In the long-wavelength limit, the right-hand mode is stable and only the left-hand mode arises, and it retains the same k 3/2 dependency. The turning point is at resonance, after which the short-scale instability takes over, which is the same one as the 2004 Bell instability with a growth rate γ ∝ k 1/2 . Omission of the pressure tensor, while keeping the collision term, also results in an instability, but with a much smaller growth rate. This can be seen by evaluating Eq. 21 to lowest order in k (where it only appears in Ω = kj0B0/(ρc)), while disregarding the k 2 terms that originate from the inclusion of f2. In the limit ω ≪ ωg, the dispersion relation reduces to:
When ν ≫ ωg this would yield purely growing modes, where the growth rate (damping rate) of the right (left) hand polarisation equals: Figure 5 . Growth rate of the right-hand polarisation as a function of scattering efficiency and wavenumber (normalised in units of v 2 s /(rg c)). The black (upper) surface shows the growth rate as it was derived earlier including the stress tensor. The red (lower) surface shows the growth rate in case the stress tensor has been ignored. The dependency on wavenumber is less steep (γ ∝ k) but the growth rate remains much smaller nonetheless. Only the right-hand mode is unstable, so we have not plotted the left-hand mode. Neglect of the stress tensor results in missing vital parts of the current-driven instability.
Only the right-hand mode is unstable. Although the dependency of the growth rate on k is less steep (γ ∝ k), its value is much lower compared to when f2 was included. This can also be seen in Fig. 5 , in which the growth rate with and without including f2 is compared.
In the limit where ν ≪ ωg both modes are stable. In the absence of collisions (in addition to omission of the pressure tensor) the dispersion relation reduces to:
and the system is stable. This illustrates that the inclusion of the stress tensor (or momentum transport) forms an integral part of the long wavelength instability. The strong dependency of ω on k in the dispersion relation (Eq. 21) makes the k 2 term dominant. This term arised from the addition of f2, the pressure tensor. Omission of this term will result in an unphysical result that neglects an important mediator of the instability.
GROWTH OF THE INSTABILITY AROUND RESONANCE
In the previous section we have seen that the diffusion term is needed to mediate the instability between the two polarisations. On scales shorter than the resonance wavelength, the dominant mode is the right-hand polarisation. Growth in this regime is rapid, and it has been shown to amplify the magnetic field to many times the background field in the nonlinear stage. The filamentary structures that arise in the nonlinear regime grow as a result of the j ×B force. Whether the largest growth around resonance arises due to the nonlinear development of the rapid small-scale instability, or due to the linear growth directly resulting from the resonant streaming instability, remains uncertain. Small-scale structures evolve to larger scale structures as was shown in Bell (2005) . For scales larger than the resonance wavelength we have demonstrated that the left-hand polarisation dominates the instability as long as ν/ωg < 1/3. Due to the longer coherence time of the f 1(1) × B1 force, the scattering of positively charged cosmic rays is more efficient for left-hand polarised magnetic fluctuations (Wentzel 1974) . Therefore, even though the growth rate is smaller, the resulting confinement of cosmic rays may still be quite efficient for longer wavelengths, in effect for cosmic rays with higher energies than the dominant ones that drive the instability.
The local peak in the growth rate at the resonant wavelength reinforces the importance of the resonant instability discussed for example by Lerche (1967) ; Kulsrud & Pearce (1969); Wentzel (1974); Skilling (1975) . Simulations that can treat scales both shorter and longer than resonance will be needed to determine the relative contribution of the various instabilities.
INCLUDING HIGHER ORDERS OF THE DISTRIBUTION FUNCTION
In the derivation for the dispersion relation we evaluated the anisotropy of the distribution up to f2. In Section 4 we illustrated the difference in the dispersion relation when the pressure tensor anisotropy is neglected. Because of the major differences, it will be beneficial to determine what happens to the instability when we include anisotropy terms of higher order moments. In this section we evaluate the dispersion relation for the next order in f (f3) and show that no major differences arise in comparison to neglecting it. The higher order transport equations are derived as described in Sect. 2. The third moment yields the pressure transport or heat tensor equation:
In the pressure tensor equation (Eq. 16) we now have to take into account the contributions from f3 and the time derivative in f2, being of the same order as f3. The contributions from the heat transport equation then are:
(3ν − iω)fxz + ωgfxy + 3ikc 7 fxxz + ikc 2 fz = 0.
As can be seen from evaluating fxy and fxz, where now we do include components of f3, we only need to determine fxxy and fxxz in order to get the dispersion relation. These can be derived to be:
where we neglect terms that are of higher order than f3, being its ∂t component and f4. Eqs. 29 are used to solve for fxy and fxz, which can be substituted in the equation for f1 to give the modified dispersion relation:
Fig . 6 shows the growth rate for the dispersion relation up to f3 as a function of both ν/ωg and k. On the long scales there is no noticeable difference between this result and the one ignoring f3. The peak around resonance softens a bit and moves to slightly shorter wave numbers, closer to krg = 1. We have evaluated the dominant terms for subsequent orders in f (up to f10) and found that this trend seems to continue when higher orders of f are included. If the trend continues as we expect, the transition around resonance smoothens out completely.
A curious effect arises for the left-hand mode in the short-wavelength limit. Rather than steeply declining with wave number, it increases when the highest order of f that is included is odd (i.e. f3 or f5). When the highest order of f that is included is an even number, the growth rate asymptotically decreases with wave number. From the dispersion relation it can be seen how this effect arises: When the highest order is an even number, the orders of k in the nominator are exactly matched in the denominator and thus cancel, whereas this is not the case when the highest order is an odd number. In the analysis by Achterberg (1983) the growth rate in this regime is shown to decline for high k, which leads us to believe that the real trend is captured when the highest order is an even order of f (f2, f4), which has a decreasing growth rate with wave number for the lefthand mode.
DISCUSSION AND CONCLUSIONS
We have derived the dispersion relation for an instability that is driven by the zeroth order cosmic ray current. The long-wavelength component is mediated by the stress tensor, and coupling between the left-and right-hand modes occurs when scattering of cosmic rays off small scale turbulence is taken into account.
The streaming of cosmic rays ahead of the shock induces a return current in the plasma that triggers instabilities from large scales down to the Alfvénic regime on very small scales at which the magnetic tension becomes efficient in damping the oscillations. We did not include the Alfvén term (magnetic tension), which only becomes of importance beyond krg > 10 3 for our parameters. On small scales our analysis reproduces the hydrodynamical non-resonant instability as described in Bell (2004) . The growth rate at small scales is very high and the amplified magnetic field can reach many times its zeroth order strength. In an environment such as that upstream of a SNR blast wave, the efficient generation of magnetic field amplification on small scales is expected to increase the scattering efficiency of the lower energy cosmic rays. We find that this in turn seems to couple the left-and right-hand modes, resulting in a small left-handedly polarised contribution to the short-scale instability, in addition to the dominant righthanded mode. On long scales, predominantly the left-hand mode is unstable. This effect only arises when anisotropy of order f2 (and higher) is taken into account. The long-wavelength mode behaviour already converges when orders of f2 are included, as we find that higher-order anisotropy terms do not alter the instability significantly. Inclusion of the collision term results in coupling between the two polarisations such that both modes are also unstable in the long-wavelength limit. The growth rate of the long-wavelength part of the instability is a function of k 3/2 , which results in a rapid decline of the growth rate with wavelength. In a recent paper, Bykov et al. (2011) found a larger growth rate in this regime using a different method that includes the ponderomotive force resulting from the instability on short scales.
Since we are assuming a mono-energetic beam of particles not all the effects around the resonance points are captured in this approach. However, since the number of cosmic rays steeply declines with energy, it can be expected that the instability is dominated by the cosmic rays with the lowest energy in the local plasma, being a function of distance ahead of the shock. Including higher orders of f shows converging behaviour in the resonance region, and the peaks that arise as a result of just including up to f2 smooth out.
Alternatively, the magnetic fluctuations in the resonance regime could be dominated by filaments resulting from the short-scale nonresonant instability that have grown in structure to length scales that are in resonance or beyond. It will be important to evaluate the non-linear regime and saturation levels to determine the actual efficiency of this instability in confining high energy cosmic rays.
What happens farther upstream, in the region where only the high-energy cosmic rays diffuse out to, while the lower-energy cosmic rays are confined closer to the shock region, is uncertain. If effective diffusivity only operates when a significant fraction of the low-energy cosmic rays is around, the two regimes may not couple, causing the longwavelength instability to occur exclusively in the left-handed variety and vice versa for the short-scale instability.
An interesting result is that the dominant mode on scales larger than the gyroradius is the left-hand polarised one. This polarisation is more efficient in scattering cosmic rays since the perturbed j × B force continues to act in the same direction over longer scales. The deflection therefore is larger, and scattering more efficient. Therefore, even though the growth rate of this mode is smaller, the long-wavelength instability may still be very effective in confining cosmic rays that have gyroradii larger than the driving cosmic rays.
